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Optimal Trajectory Generation for Biped Robots
Walking Up-and-Down Stairs

Ohung Kwon, Kweon Soo Jeon
Department of Precision Mechanical Engineering, Hanyang University,
17 Haengdang-Dong, Sungdong-Ku, Seoul 133-791, Korea
Jong Hyeon Park*
School of Mechanical Engineering, Hanyang University,
17 Haengdang-Dong, Sungdong-Ku, Seoul 133-791, Korea

This paper proposes an optimal trajectory generation method for biped robots for walking
up-and-down stairs using a Real-Coded Genetic Algorithm (RCGA). The RCGA is most
effective in minimizing the total consumption energy of a multi-dof biped robot. Each joint
angle trajectory is defined as a 4-th order polynomial of which the coefficients are chromosomes
or design variables to approximate the walking gait. Constraints are divided into equalities and
inequalities. First, equality constraints consist of initial conditions and repeatability conditions
with respect to each joint angle and angular velocity at the start and end of a stride period. Next,
inequality constraints include collision prevention conditions of a swing leg, singular preven-
tion conditions, and stability conditions. The effectiveness of the proposed optimal trajectory is
shown in computer simulations with a 6-dof biped robot model that consists of seven links
in the sagittal plane. The optimal trajectory is more efficient than that generated by the Modi-
fied Gravity-Compensated Inverted Pendulum Mode (MGCIPM). And various trajectories
generated by the proposed GA method are analyzed from the viewpoint of the consumption
energy : walking on even ground, ascending stairs, and descending stairs.
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1. Introduction

In addition to the need for improved techno-
logical development, more and more biped robots
need to have the capability to adapt themselves to
artificial environments since they must stay in arti-
ficial spaces and live together with human beings.
The artificial elements include uneven surfaces,
stairs, door thresholds and etc. If difficult prob-
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lems associated with such man-made environ-
ments are solved, biped robots can live conven-
iently with human beings. Specially, as far as the
walking motion of biped robots is concerned, the
most difficult problem is to minimize energy con-
sumption. In general, low energy gaits require
lower power and lighter batteries and in turn
make great reduction in weight of a biped robot.

Many researchers for the biped robot have
studied the generation methods of energy-efficient
trajectories using the kinematic structure and dy-
namic characteristics similar to a human (Peng
and ONO, 2005). Since human beings walk with
steady gaits minimizing the locomotion energy in
everyday experience irrespectively of various lo-
comotion conditions in man-made environments.
If designing biped robots are captured with the
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essential characteristics of the human walking
motion, energy-efficient gaits result in the hu-
man-like walking motion. Choi et al. proposed a
method to find optimal via-points data that mini-
mize the sum of the deviation of velocities and
accelerations and reduce the jerk using genetic
algorithms (Choi et al., 1999). Cheng and Lin
proposed a method to search the parameters of
the controller and the gait. Thus, the design of the
controller and the gait was formulated as a para-
meter search problem and a genetic algorithm was
applied to improve the design (Cheng and Lin,
1995). Park and Choi proposed a method that
minimizes the energy consumption by finding the
optimal locations of the mass centers of the links,
and the optimal trajectory of the legs (Park and
Choi, 2004). Chevallereau et al. proposed a search-
ing method for the optimal stride and period to
generate optimal trajectories (Chevallereau et al.,
1998) . Here, these researchers were able to gener-
ate low energy gaits of simplified biped robots on
even ground.

Despite these advances, it is necessary to mini-
mize the locomotion energy for biped robots
walking up and down stairs since the irregular
ground conditions consume the greatest amount
of all gaits. Shih proposed to synthesize an effi-
cient walking pattern for ascending and descend-
ing stairs for a biped robot with 7 DOF (Shih,
1999). Hwang et al. simulated a humanoid robot
walking up stairs using a virtual spring-damper
contact model in order to precisely simulate a
collision with friction between the foot and the
ground (Hwang et al., 2003). However, these pre-
vious works were not analyzed from the view-
point of the consumption energy with respect to
walking up and down stairs.

This paper proposes a simple and fast-conver-
gent optimization method to generate a trajectory
that minimizes the energy consumption of a biped
robot for ascending and descending stairs using
a real-coded genetic algorithm. And a computed
torque controller is applied to computer simula-
tions for stable dynamic biped locomotion. In the
saggital plane, a 6 degree of freedom biped robot
model that consists of seven links is used. In order
to approximate the walking gait, each joint angle

trajectory is defined as a 4-th order polynomial of
which coefficients are chromosomes. In various
computer simulations, the proposed method is
effective and stable, compared with the proposed
GA method and a gait trajectory for biped robots
based on the Modified Gravity-Compensated In-
verted Pendulum Mode (MGCIPM) when the
biped robot ascends stairs (Park and Kim, 1998).
In this paper, we analyze and compare the energy
efficiency of the three following cases: walking
on even ground, ascending stairs, and descending
stairs. Also, the energy efficiency is calculated by
comparing the stair height of 5cm with that of
10 cm.

This paper is organized as follows: The dy-
namics of a biped robot is described in Sec. 2. The
constraints for ascending and descending stairs
and proposed genetic algorithms for optimization
are presented in Sec. 3 and 4, respectively. Section
5 describes computer simulation and comparisons
of the energy efficiency, followed by conclusions
in Sec. 6.

2. Dynamics of Biped Robot Model

The biped robot is modeled as an anthropo-
morphic planar mechanism system of seven links
that connected by 6 actuated rotational joints as
shown in Fig. 1. This model expresses the char-

acteristics of human walking very well. The dy-

Fig. 1 A 6 DOF biped robot model and its coordi-
nates with absolute angles and relative angles
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namic equations derived from the Lagrange’s equa-
tion based on the kinetic and potential energies of
each link can be written as:

M(q)§+C(q, ¢) +G(q) =7 (1)

where g=[q1 g2 g3 g4 g5 gs) TER" is the vectors
described with relative angles. And M (g) €R®*¢
is the inertia matrix, C(g, ¢) ER®! is the vector
of coriolis and centrifugal forces, G (q) ER®! is
the vector of gravity force, and &R is the vec-
tor of torques on each joint.

A transformation matrix, EER® is used to

transform from relative angles g to absolute angles
AER".
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It is assumed that the mass of a link is concen-
trated on the center of each link and the support-
ing foot is fixed on the ground. It is also assumed
that a full locomotion cycle is divided into a
single support phase and an exchange of support-
ing roles : the former is that one leg is in contact
with the ground and the other leg swings forward.
The latter is that the two legs simultaneously
trade roles.

3. Constraints

3.1 Equality constraints

The foot of the swing leg must be on the stairs
both in the beginning and in the end of a stride
period since locomotion is periodic. Thus, the
speed and the configurations of the left and right
legs at the end of the stride become identical to
those of the right and left legs, respectively, at the
beginning of the stride. This is called the initial
conditions. Therefore, the tip position (Xup, Zup)
of a swing foot must satisfy the initial conditions.

Firstly, when the biped robot ascends the stairs,
the equality constraints that are satisfied at the
start and end of the stride are expressed as fol-
lows :

At t=0: x5 (0) =—S, 2z (0) =—H (3)
At t=tr: xup(ty) =S, zep(ty) =H (4)

Also, when the robot descends the stairs, the
equality constraints that are satisfied at the start
and end of the stride are expressed as follows :

At t=0: x5 (0) =—S, 26 (0) =H (5)
At t=1tr: Xtip(ff) :S, th;b(ff) =—H (6)

where #; is a stride period, S is a stride, and H
is a stair height. With such conditions, the re-
peatability conditions with absolute angles must
be satisfied.

0:(0) =i (t;) (=1, -, 7) (7)

0:(0)=0s-:(t;) (i=1,--,7) (8)

3.2 Inequality constraints

The tip and toe of a swing foot must not
penetrate the wall and face of the stairs during a
locomotion period. Thus, its tip and toe trajectory
must be satisfied with the collision prevention
condition according to the structure of the stairs.
When the biped robot ascends the stairs, its foot-
tip must move over the face of the stairs and its
foot-toe must avoid colliding with a wall of the
stairs. Therefore,

it —%qﬁp(t) s—% then 2 (£) > —H +0h

if —§<xtlp(t> <%

S 35
1f7<mip<l‘> ST

then zu»(2) >0k (9)

then Zyp(t) >H+0h

if _H<Ztoe(t) <0 then Xtoe<t) < —%—58

if 0<2ie(t) <H  then Xue(?) <%—5s (10)
if H<zwe(t) <2H then xue(t) <%-5§

Similarly, when the biped robot descends the
stairs, its foot-tip and foot-heel must not pene-
trate the wall and face of the stairs during a
locomotion period. Therefore,
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it =3 <) <=3 then zep(f) > H-+ 3

2 2
. S S
if —7<xnp(t) <7 then Zm:(l‘) >0h (1 1)
it <xlt) <% then Zo(t) >—H+dh

if _H<Zheg[<t> <0 then Xheel“) >%+8S

if 0<2heel(t> SH then Xheel<t> >_§+ 68 (12)

if H< Zpeet (1) <2H  then xpees () > —%+ s

where 62 and Js denote the minimum allowable
distances to keep its swing foot not to collide with
the stairs.

In order to prevent knee joints from being fully
stretched and then to avoid singular configura-
tions, two additional constraints are applied to
the knee joint, one for each leg.

Oh—&>080 (13)
Os— 6> 00 (14)

where 060 is the maximum allowable angle to
avoid a singular configuration.

Next, in order for a biped robot to walk stably,
it is necessary to take account of the dynamic
stability. In general, we use the concept of the
Zero Moment Point (ZMP). The ZMP is defined
as a point on the ground where the sum of all the
moments of active forces is equal to zero. If the
ZMP is inside the contact polygon between the
foot and the ground, the biped robot walks stably.
Thus, the nearer the ZMP exists from the center
of the foot, the more stable the biped robot be-
comes. It can be computed by the following equa-
tion.

Me

6
& le’('Z'i‘f'g) _Zl MiX iZi

(15)

Xzmp =

6
§1 mi(Z:+g)

where (x;, z;) is the position of the mass center of
a link 7 and m;([;) is the mass (inertia) of a link
7. Therefore,

” Xzmp ||<% (16>

where 7y is the maximum allowable distance be-
tween the ZMP and the center of the foot.

4. Genetic Algorithms
for Optimization

The trajectory of each joint angle during a
stride is expressed as a 4th-order polynomial of
time t instead of high order polynomial of time t
in order to guarantee fast convergence. The co-
efficients of the polynomials representing all the
joint angles are used as design variables.

q1 ai a2 ais a4 Ais 1
qz aAz21 A22 A23 A24 A25 /
qs as1 as2 as3 Ass Ass
= =|# (17)
44 a41 Q42 A43 Aag Q45 £
qs as1 As2 As3 Ass Ass H
L d6| | Q61 Q62 Q63 (es Qes |
where coefficient, @;; (=1, .-+, 6, j=1, -+-, 5), are

design variables. In application, the total number
of the design variables is reduced from 30 to 14
by the use of the equality constraints, Eq. (3) to
Eq. (8). Since it increases the approach speed of
GA. Therefore, the number of chromosomes used
in the genetic algorithms is 14.

The performance index to be minimized is de-
fined as

J(d) Z%’[fuTQu dt (18)

where #;=1;°q:;, i=1~6 and dER" denote the
joint powers applied at each joint and the design
variables, respectively. And, Q=diag (w1, w2, ws,
w1, ws, W) is a positive definite matrix. Its ele-
ments, wi~s, are the weighting factors that repre-
sent contributions by joint motors to the cost
function.

The inequality constraints in Eq. (9) to (16)
can be expressed as :

g(d) <0 (j=1, - n) (19)

where a transformation method converts a con-
straint optimization problem into an unconstraint
problem with a transformation function of

F(d, r)=](d)+P(g(d), ») (20)

where 7 is a vector of penalty parameters and P
is a real valued function which of imposing the



616 Ohung Kwon, Kweon Soo Jeon and Jong Hyeon Park

penalty is controlled by #. The form of penalty
function P depends on the transformation method
used. The exterior penalty function method is
used :

Pg(d), n=2nlg @} @1

where gi (d) =max (0, g;(d) ), and #;is a weight
factor. The value of function gj (d) is zero if
inequality is satisfied, (g;(d) <0), and it is posi-
tive if inequality is violated, i.e. (g;(d) >0).

Finally, optimal trajectories for a biped robot
are obtained from the unconstraint function in
Eq. (20) and the optimal method. The optimal
method used in this paper is a real-coded genetic
algorithm (Goldberg, 1989 ; Jin, 2002). Since the
real- coded genetic algorithms are robust to ill-
condition in the optimization function and they
can always find global solutions from optimal
problems defined in a very large domain with
highly complex constraints.

The flow chart of the genetic algorithms is
shown in Fig. 2. Firstly, genetic algorithms create
each joint angle. And they evaluate whether the
collision prevention condition, the singular pre-
vention condition, and the stability condition are
satisfied or dissatisfied. If they are dissatisfied
with these conditions, GA operators regenerate
each joint angle. The GA operators are composed
of the reproduction of a gradient-like selection
method, the crossover of a modified simple cross-
over method, and the mutation of a boundary
mutation method. These processes are repeated
until satisfactory joint angles are found or other a
certain stop is met.

START
Regenerate
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5. Simulations

The effectiveness of the proposed optimal tra-
jectory for walking up-and-down stairs is shown
in computer simulations. The parameters of the
biped robot model are listed in Table 1. And the
locomotion parameters used in the simulations
are shown in Table 2. The stride length is 30 cm
and the stair height is 5 cm.

Figures 3 and 4 show a stick diagram and each
joint trajectory of the biped robot ascending the
stairs, respectively. The parameters used in the
proposed genetic algorithms are listed in Table 3.
If the number of generations reaches the maxi-
mum number of generations set by the software or
if the value of the cost function does not change
for 100 conservative generations, the simulation
is terminated. Without these conditions, it takes
about 5,000 generations. But, under these condi-
tions, it takes about 400 generations to obtain
a reasonable result as shown in Fig. 5. These
simulations indicate that the optimal locomotion
trajectory is similar to that of a human for as-
cending the stairs. Especially, we know that the

Table 1 Parameters of the biped robot model used
in simulations

Link No. Length (m) Mass (kg)
Link 1 0.1 1
Link 2 0.4 5
Link 3 0.4 4
Link 4 0.5 6
Link 5 0.4 4
Link 6 0.4 5
Link 7 0.1 1

Table 2 Locomotion parameters used in simulations
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Coltsson prevestion coebion | <=4 Evaluate the fitness | < 7|  Mutation |
Singule grevention coedition | T 7 b | | N
ey :

Sty rueblion
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i o
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T trajectory __—

Fig. 2 Flow chart of the proposed genetic
algorithms

Parameters Values

S 0.3 m

| Crosome H 0.05m
0s 0.001 m

GA OPERATORS oh 0.001 m
60 0.001 rad

y 0.19 m

tr 1.0 sec
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Table 3 Parameters used in the genetic algorithms

Parameters Values

Maximum Generations 5,000
Population 30
Chromosome Length 14
Crossover Ratio 0.9
Mutation Ratio 0.02
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Fig. 3 Stick diagram of a biped robot ascending

stairs
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Fig. 4 Joint angle on each joint when ascending
stairs

robot foot moves somewhat backward at the be-
ginning of a stride period in order to avoid col-
liding with the stairs. In Fig. 4, the joint angles
at the beginning of a stride according to the re-
peatability condition are exchanged one to one
with those at the end of a stride.

0{] 50 1040 150 200 250 300 350 400
Generation

Fig. 5 Performance index J when ascending
stairs

Figures 6 and 7 are similarly a stick diagram
and each joint trajectory of the biped robot as-
cending the stairs, respectively. This figure shows
that more and more the optimal locomotion tra-
jectory is similar to that of a human. The per-
formance index converges a reasonable result af-
ter about 700 consecutive generations.

From the viewpoint of the consumption energy,
the proposed optimal trajectory is compared with
those generated by the MGCIPM in Appendix A.
Figure 8 is a stick diagram of the biped robot
ascending the stairs based on the leg trajectories
generated by the MGCIPM. Figures 9, 10 and 11
show the joint powers when ascending the stairs,
when descending stairs and when ascending the
stairs by the MGCIPM, respectively. By compari-
son with these joint powers during a period,
Figure 12 shows that the proposed optimal tra-
jectory is more efficient than the MGCIPM when
ascending the stairs. Thus, the consumption ener-
gy is reduced by 54%. In this Figure, the vertical
direction is the sum of the square of each joint
power at every time step on each joint. The dotted
line and the solid line denote the power of the
MGCIPM method and the power of the GA method,
respectively.

The trajectories generated by the proposed GA
method are analyzed according to three locomo-
tion patterns : walking on even ground, ascending
stairs, and descending stairs. Figure 12 shows that
walking on even ground is the most efficient of the
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Fig. 12 Power comparison between the MGCIPM
method and the proposed GA method
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Fig. 14 Power comparison between the stair height
of Scm and 10 cm when descending stairs

three. Thus, in case of walking on even ground,
the consumption energy is reduced by 92% and
54%, compared with ascending the stairs and de-
scending the stairs, respectively. In this figure, the
dotted line denotes the total consumption power
when walking on even ground during a stride.
The dash-dotted line denotes the total consump-
tion power when ascending the stairs. And the
solid line denotes the total consumption power
when descending the stairs. Also, when descend-
ing the stairs, the consumption energy is greatly
reduced by 82%, compared with ascending the
stairs.

Figure 13 shows how much the energy accord-
ing to the stair height is consumed when de-
scending the stairs. In this figure, the dotted line
and the solid line denote the total powers when
the stair height is 5 and 10 cm, respectively. This
figure indicates that the consumption energy in
the stair height of 5 cm is reduced by 77%, com-
pared with the stair height of 10 cm.

6. Conclusion

This paper proposed the optimal trajectories
to minimize the locomotion energy of the biped
robot ascending and descending stairs by the real-
coded genetic algorithms. According to the stair
structure, equality and inequality constraint con-
ditions are made to find out the energy-optimized
trajectory. The computer simulations with a 6-
DOF biped robot showed that the proposed opti-
mal trajectory is effective and stable. Thus, the
consumption energy is reduced by 54%, compared
to the Modified Gravity-Compensated Inverted
Pendulum Mode.
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Appendix A

Modified Gravity-Compensated Inverted

Pendulum Mode (MGCIPM)

In general, the locomotion trajectories with
respect to the center of mass and a swing foot are
specified, based on the inverted pendulum model
under the assumption that the ZMP exists inside
the center of the supporting foot of a biped robot
(Park and Kim, 1998). Here, they are modified
and applied to ascend or descend stairs. Firstly,
the foot trajectory of a swing leg with respect to
the origin of the reference frame is defined using
sinusoidal functions.

Xep () =—S cos(wy t)

Zep (1) z%[l—cosmf H]+2Ht—H

Next, according to the position of the center of
mass and the foot position, the trajectory of the
center of mass with respect to the origin of the
reference frame is derived.

XCom(ﬁ :Clewt+ Cze_wt+77 COS(C()f f)
Zcom(t) =H;+ Ht

= /8 =T
@ Hz’ CUf tf

and H; and /i, are the height of the center of mass

where

and the height of the maximum swing foot, re-
spectively. And Ci, C,, and 7 are the coefficients
related to the initial conditions.
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